Introduction
The pure spinor formalism can be used to covariantly describe the superstring in any consistent d = 10 supergravity background [1] . When the supergravity background is AdS 5 × S 5 , the resulting worldsheet action has manifest P SU (2, 2|4) symmetry and is constructed from the Metsaev-Tseytlin left-invariant currents g −1 dg where g takes values in the coset P SU(2,2|4) SO(4,1)×SO (5) [2]. In the large radius limit where r AdS → ∞, this action can be covariantly quantized [3] [4] and one can compute P SU (2, 2|4)-covariant correlation functions as an expansion in 1 r AdS [5] . However, to compare with computations in perturbative super-Yang-Mills, one needs to be able to quantize the worldsheet action in the small radius limit where r AdS → 0.
Recently, a proposal was made for how to quantize in the small radius limit [6] [7] .
After combining the 22 pure spinor ghosts λ α and λ α with the ten AdS 5 × S 5 spacetime variables into a 32-component unconstrained bosonic spinor, the AdS 5 × S 5 worldsheet action was expressed as an N = (2, 2) worldsheet supersymmetric action based on the fermionic coset P SU(2,2|4) SU(2,2)×SU (4) . This coset contains 32 fermionic variables, and the 32-component unconstrained bosonic spinor is the worldsheet superpartner of these variables.
If the BRST charge is defined to be the scalar worldsheet supersymmetry generator, this worldsheet supersymmetric action is a topological A-model which can be quantized using standard topological methods. However, in the large radius limit, it is important to note that the BRST charge defined in the pure spinor formalism is not the scalar worldsheet supersymmetry generator. So in the large radius limit, the AdS 5 × S 5 worldsheet action is not a topological A-model, which is expected since one has a continuum of physical states in this supergravity limit.
Nevertheless, it was conjectured that in the small radius limit, the BRST charge can be defined to be the scalar worldsheet supersymmetry generator such that the worldsheet action for the AdS 5 × S 5 superstring becomes a topological A-model when r AdS → 0.
Preliminary evidence for this conjecture came from an analogy with the Gopakumar-Vafa duality relating d = 3 Chern-Simons theory and the resolved conifold [8] . This open-closed duality was proven in [9] using a topological A-model and has many similarities with super-Yang-Mills/AdS 5 × S 5 duality. More recently, additional evidence for the conjecture was provided by Bonelli and Safaai [10] The first step in computing these topological amplitudes is to note that the BRSTinvariant topological A-model of [6] [7] can be expressed as the gauge-fixed version of a G/G principal chiral model where G = P SU (2, 2|4).
2 This principal chiral model is defined by the worldsheet action
where g takes values in P SU (2, 2|4), the covariant derivative on g is gauged using a P SU (2, 2|4) worldsheet gauge field (A, A) whose field-strength is F , and the infrared limit e → ∞ is taken at the end of the computation.
If r AdS is large, one can freely set 1 e 2 = 0 and the model becomes trivial by gauging away g such that the action reduces to S = T r d 2 z r 2 AdS AA. However, when r AdS is small, there can be non-trivial fluctuations of the gauge field that survive in the limit where e → ∞. These fluctuations are of size (e r AdS ) −1 and can be described by closed string vertex operators on the worldsheet which are connected to each other by a network 2 Based on analysis using the RNS formalism, a similar topological description of the zero radius limit of the AdS 5 × S 5 superstring was discussed by Polyakov at Strings 2002 [11] .
to the topological amplitude coincides with the corresponding Feynman rules including the factor of (λ
AdS ) f aces which is predicted by the Maldacena conjecture [12] .
Note that in the topological amplitude computation, there is no integration over the locations of the closed string vertex operators. Unlike the proposal of [13] where the Schwinger parameters come from integration over worldsheet moduli, integrals over loop momenta in this description come from summing over the components in the singleton representation of P SU (2, 2|4) which describe the propagating states in the Feynman diagram.
This is similar to computations in twistor-string theory [14] [15] where tree-level superYang-Mills amplitudes are reproduced without any integration over worldsheet moduli.
An interesting question is how these topological amplitude computations are related to the usual prescription for closed superstring scattering amplitudes in the pure spinor formalism. Since three-point amplitudes of half-BPS states should be independent of r AdS , the computation of these three-point amplitudes should be similar in the topological string prescription and in the pure spinor formalism.
In a flat background using the pure spinor formalism, integration over the left and right-moving worldsheet zero modes implies that non-vanishing correlation functions require 3 λ's and 3 λ's as well as 5 θ's and 5 θ's in the combination [1] (λγ m θ)(λγ n θ)(λγ p θ)(θγ mnp θ)( λγ q θ)( λγ r θ)( λγ s θ)( θγ qrs θ).
In an AdS 5 × S 5 background using the pure spinor formalism, it will be argued that the analogous zero mode measure factor is simply
where η α β ≡ γ 01234 α β
. Moreover, for half-BPS states, the unintegrated closed string vertex operator is
where ... is determined by BRST invariance. Since the three-point tree amplitude prescription using the pure spinor formalism is A = V 1 V 2 V 3 , one finds that after integrating over the pure spinor ghosts using the measure factor of (1.3), the pure spinor ghosts trivially decouple and the pure spinor computation reduces to the topological amplitude computation.
In section 2 of this paper, the topological A-model of [6] 
coset model
In [6] and [7] , the pure spinor version of the superstring action in an AdS 5 × S 5 background was mapped to an N = (2, 2) worldsheet supersymmetric sigma model based on the coset (4) . Note that before introducing worldsheet gauge fields, the non-linear sigma model based on the coset P SU(2,2|4) SU(2,2)×SU (4) is equivalent to the non-linear sigma model based on the coset U(2,2|4) U(2,2)×U (4) . It was more convenient in [7] to use the coset U(2,2|4) U(2,2)×U(4) since the U (1) gauge field of U (4) was necessary for expressing the action as a gauged linear sigma model. In this paper, the gauged linear sigma model will not play any role and it will be necessary to use the coset P SU(2,2|4) SU(2,2)×SU (4) so that the worldsheet gauge symmetries do not include the "bonus" U (1) symmetry. As explained in [7] , the BRST operator of (2.4) for the topological A-model is not mapped into the BRST operator of the pure spinor formalism whose cohomology defines the physical spectrum at large r AdS . Nevertheless, it was conjectured that at small r AdS , the BRST operator of (2.4) can be used to define the physical states. This conjecture recently gained support from a paper showing that half-BPS super-Yang-Mills Wilson loops are described by D-branes in this topological A-model [10] .
Principal chiral model
In this subsection, it will be shown that the action of (2.2) together with the BRST operator of (2.4) can be understood as a gauge-fixed version of the G/G principal chiral model where G = P SU (2, 2|4). So the pure spinor version of the AdS 5 × S 5 sigma model can be mapped into a G/G principal chiral model. It will be also be shown that other gauge fixings of the G/G principal chiral model give rise to models based on the coset
. Like the P SU(2,2|4) SU(2,2)×SU (4) coset, these cosets are symmetric spaces and their actions are conformally invariant at the quantum level. However, unlike the P SU(2,2|4) SU(2,2)×SU(4) coset which contains 32 fermions and no bosons, these cosets contain 16 bosons and 16 fermions.
The worldsheet action for the G/G principal chiral model is defined as
where g takes values in P SU (2, 2|4), R = (A, J) is a P SU (2, 2|4) index, and (A S R , A S R ) are worldsheet gauge fields taking values in the P SU (2, 2|4) Lie algebra. Naively, this action is trivial since one can shift (A R S , A R S ) to eliminate g. However, as will be seen in the following section, non-trivial solutions can be obtained by introducing a kinetic term
R for the worldsheet gauge field and taking the infrared limit e → ∞ at the end of the computation.
The worldsheet action of (2.5) has a local P SU (2, 2|4) gauge invariance under which δg = gΩ and δA = dΩ + [A, Ω]. To relate (2.5) to the action of (2.2), one should gauge-fix the SU (2, 2) × SU (4) subgroup of this invariance by choosing the gauge
α . Furthermore, one should gauge-fix the remaning 32 fermionic invariances by choosing the gauge
for the fermionic worldsheet gauge fields.
The gauge choice g = G(θ, θ) does not require Faddeev-Popov ghosts, however, the gauge choice of (2.6) requires the Faddeev-Popov ghosts (Z obtain the action of (2.2). Furthermore, the standard BRST quantization method implies that the BRST operator arising from the gauge-fixing of (2.6) is precisely (2.4). 
where the SU (2, 2) and SU (4) indices have been split into SU (2) × SU (2) and SU (2) × SU (2) indices as A = (a,ȧ) and J = (j, j ′ ) for a,ȧ, j, j ′ = 1 to 2, the resulting action and BRST operator would be constructed in a similar manner to (2.2) using the coset
. Similarly, if one had split the SU (2, 2) and SU (4) indices into SU (1, 1) × SU (1, 1) and SU (2) × SU (2) indices, the resulting action and BRST operator would be constructed using the coset
So by starting with the G/G principal chiral model and choosing different gauge-fixings, one can relate topological A-models based on different symmetric coset spaces. Since the denominator of the coset determines the manifest symmetries, the worldsheet actions based on the
cosets may be useful for describing BPS states which preserve different symmetries than the half-BPS Wilson loops described in [10] .
Feynman Diagrams from Topological Model

Physical observables
As explained in the previous section, the topological A-model of [6] [7] can be understood as a gauge-fixed version of the G/G principal chiral model whose worldsheet action is
where g takes values in P SU (2, 2|4), (A, A) is a P SU (2, 2|4) worldsheet gauge field with field strength F , and one takes the infrared limit e → ∞ at the end of the computation. Naively, this model has no physical states since one can use the local P SU (2, 2|4) symmetry to gauge g = 1 and, in the limit e → ∞, the gauge field does not propagate.
Since the mass of the gauge field is e r AdS , the fluctuations of the gauge field have size of order (e r AdS ) −1 . If r AdS is not small, the size of the fluctuations goes quickly to zero in the infrared limit e → ∞. However, if r AdS is infinitesimal, these fluctuations may not be small and one can consider "holes" of size (e r AdS ) −1 in the worldsheet where the gauge field is nonzero.
Physical observables will be related to these fluctuations of the gauge field, and the locations of the "holes" will correspond to the locations of closed string vertex operators which carry global P SU (2, 2|4) indices. Since physical observables must be gauge invariant with respect to the local P SU (2, 2|4) symmetry, one needs to construct gauge-invariant operators out of g and A which describe these physical observables.
Under local P SU (2, 2|4) transformations parameterized by Ω 
where I is a global P SU (2, 2|4) index and I ′ is a local P SU 
where the color indices of φ I are ignored. An explicit construction of δ IJ can be found in section (6.2) of [16] and section (3.1) of [17] 
where
is the spinor propagator and G(z − w) = (z − w) −2 is the scalar propagator.
Note that when expressed in terms of on-shell plane-wave states, these P SU (2, 2|4)-invariant tensors either vanish or become singular. For example, δ IJ = p −2 δ 4 (p + q) and
when expressed in terms of plane-wave scalar states with momenta p m and q m . To resolve these singularities, one needs to introduce a regulator which plays the role of the usual (iǫ) prescription in Feynman rules. Furthermore, one needs to convert sums over singleton indices into integrals over internal off-shell momenta. At the moment, it is unclear how to do this in a natural way.
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Up to overall normalization factors, δ IJ and ǫ IJK are the only independent P SU (2, 2|4) invariant tensors that can be constructed from the singleton representation. This follows from the fact that the N = 4 d = 4 super-Yang-Mills action is the unique P SU (2, 2|4)-invariant action, and the overall normalization of δ IJ and ǫ IJK can be absorbed by rescaling the super-Yang-Mills fields and the super-Yang-Mills coupling constant. Note that δ IJ is invariant under the "bonus" U (1) symmetry which enlarges P SU (2, 2|4) to U (2, 2|4), however ǫ IJK is not invariant under the "bonus" U (1) and is invariant only under P SU (2, 2|4).
At each "hole" in the worldsheet, the fluctuations of size (e r AdS ) −1 will be represented by a closed string vertex operator which carries global P SU (2, 2|4) indices and corresponds to a gauge-invariant super-Yang-Mills operator. At zero coupling constant, the gauge-invariant super-Yang-Mills operator can be described as a spin chain of L singleton representations which is invariant under cyclic permutations. Note that at zero coupling constant, P SU (2, 2|4) transformations act linearly on the super-Yang-Mills fields so that each singleton representation describes a single super-Yang-Mills field.
The closed string vertex operator at the r th hole will have the form
where V I 1 ...I L r (z r ) is the vertex operator for the spin chain with L r singleton representations and f
are the "polarizations" of the fields in the r th spin chain. Since transfer matrices considered in [18] . It would be very interesting to explore this relation, perhaps using the transfer matrices recently constructed in [19] .
Feynman diagrams
It will now be claimed that after taking the infrared limit e → ∞, this network of contributes a factor proportional to
where λ′ tHoof t = λ AdS for each face in the network. Note that for this argument to work, it is crucial that the gauge group is chosen to be P SU (2, 2|4) as opposed to U (2, 2|4), and this choice is also required by the fact that ǫ IJK is not invariant under the bonus U (1) symmetry. 
where 
Since supergravity states in an AdS 5 × S 5 background correspond to half-BPS superYang-Mills gauge-invariant operators, one expects that the three-point amplitude for these states should be independent of r AdS . So it should be possible to relate the topological amplitude of this three-point half-BPS correlation function at small radius with the superstring amplitude computation at large radius. In this section, it will be shown how to relate these two computations.
The first step in relating the two computations is to determine the zero mode measure factor using the pure spinor formalism for the superstring in an AdS 5 × S 5 background.
This measure factor should be in the BRST cohomology at ghost-number (3, 3) where the left and right-moving BRST operators are [4] 
, and g takes values in the P SU(2,2|4) SO(4,1)×SO (5) coset. Under the BRST transformations generated by (4.2),
where T α and T α are the 32 fermionic generators of P SU (2, 2|4).
One clue in constructing the zero mode measure factor in an AdS 5 × S 5 background is to note that for the Type IIA superstring in a flat background, the measure factor of (4.1) can be written as
using the identities 
Using the worldsheet Lagrangian L AdS for the pure spinor formalism in an AdS 5 ×S 5 background, one can similarly compute the vertex operator V AdS for the AdS radius modulus at zero momentum and one finds that
By analogy with the zero mode measure factor of (4.4), the natural guess for the zero mode measure factor in an AdS 5 × S 5 background is therefore
So unlike in a flat background, the AdS 5 × S 5 measure factor only involves the pure spinor ghosts and does not involve the matter fields. To verify that (4.8) is the correct measure factor, one can easily compute the tree amplitude of three radius moduli described by the vertex operator V AdS = η α β λ α λ β and one finds that
Note that in a flat background, the analogous amplitude involving the zero momentum graviton trace vanishes since (V f lat ) 3 contains 3 θ's and 3 θ's whereas the measure factor of 
AdS 5 × S 5 vertex operators
The next step in relating the computations of three-point half-BPS amplitudes is to contruct the vertex operator for a general supergravity state in the pure spinor formalism.
As explained in [3] , one method for constructing the supergravity vertex operators uses a bispinor superfield A α β (x, θ, θ) satisfying the on-shell conditions
where ∇ α and ∇ α are the covariant fermionic derivatives in an AdS 5 × S 5 background.
As in a flat background, the unintegrated supergravity vertex operator in an AdS 5 × S 5 background can be expressed in terms of A α β as V = λ α λ β A α β (x, θ, θ) and the on-shell conditions of (4.10) imply that QV = QV = 0.
From the analysis in the previous subsection, it is clear that the θ = θ = 0 component of η α β A α β is the radius modulus, and other fields in the supergravity multiplet can be obtained from this modulus by supersymmetry transformations. For example, the vertex operator for the scalar with J units of R-charge in the 56 direction is
where a is the x 5 direction in AdS 5 , y 56 is the 56 direction in S 5 , the choice of ± sign determines the AdS 5 boundary condition of the state, and ... contains terms higher order in (θ, θ) which are determined by BRST invariance.
If the plus sign is chosen in (4.11) so that V J diverges as a → ∞, the supergravity vertex operator corresponds to the P SU (2, 2|4) representation with |J| lowered indices.
Using the notation where I = Z corresponds to the zero-momentum scalar with +1 R- 
Three-point supergravity amplitude
Using the superstring vertex operators V J of (4.11), it is easy to compare the threepoint superstring tree amplitudes of these states with the topological amplitude computations. For the amplitude So using δ ZI δ IZ = 1, one finds that (4.14) agrees with (4.13).
In comparing these topological amplitudes and pure spinor superstring amplitudes, it was important that the λ α and λ α pure spinor ghosts decoupled in a trivial manner in the superstring computation. For amplitudes involving non-BPS states or more than three half-BPS states, the pure spinor ghosts probably play a more complicated role and it will be highly non-trivial to compare the two amplitude computations. This is not surprising since these amplitudes are expected to have non-trivial dependence on the AdS radius.
One situation which would be very interesting to study is the plane-wave limit in which the external vertex operators carry large R-charge. In this case, it might be possible to compare the topological and superstring computations for a more general class of scattering amplitudes. Perhaps in the limit of large R-charge, the discrete set of contributions to the topological amplitude combines into a continuous integral over worldsheet moduli in the superstring amplitude computation. Another speculation is that in the plane-wave limit, 8 bosonic and 8 fermionic components of the P SU (2, 2|4) gauge field might become dynamical and reproduce the light-cone degrees of freedom of the superstring.
